Summary 6 1 Introduction
In the last years much attention have been focused in the application of the AdS/CFT correspondence (Maldacena 1998 ) beyond high energy physics to another areas of physics, where a more general class of spacetimes could be the gravitational dual, for instance, to non relativistic scale invariant theories of condensed matter physics. In (Kachru et al. 2008 ) has been conjetured gravity duals of non relativistic Lifshitz -like fixed points which describe multicritical points in certain magnetic materials and liquid crystal, these curved duals are called Lifshitz spacetimes. An important feature of these spacetimes is its invariance under an anisotropic scale transformation. There are many theories with anisotropic invariant scale of interest in studying such critical points instead of the scale invariance which arises in the conformal group, particularly in the studies of critical exponent theory and phase transitions. Systems with these features have appears in the description of strongly correlated electrons of strange metals (Hartnoll 2010) . The scale invariance is expressed as t → λ z t, x → λx, where z = 1 is the critical exponent which measure the degree of anisotropy between spatial and temporal scalings.
On the gravitational side, D-dimensional spacetimes that exhibit these symmetries are described by the Lifshitz metrics
where x represents a D − 2 dimensional spatial vector and l denotes the length scale in the geometry. If z = 1, the spacetime is the usual anti-de Sitter metric in Poincaré coordinates and have the larger symmetry SO(D − 1, 2). All curvature invariants of metric (1) are constant and these spacetimes have a null curvature singularity at r → 0 for z = 1, this can be seen by computing the tidal forces between infalling particles. This singularity is reached in finite proper time by infalling observers so the spacetime is geodesically incomplete (Horowitz & Way 2011) . A natural extension of the above spacetime is consider black hole solutions in this background whose asymptotic behavior is given by (1), these are called asymptotically Lifshitz black holes (Balasubramanian & McGreevy 2009 )- (Dehghani & Mann 2010) . We are interesting in analyze the geodesic structure of a class of asymptotically Lifshitz black hole recently found in the literature, performing a study of freely moving of test particles and photons. The geodesic equations of motions are a set of ordinary differential equations describing the evolution of the coordinates of these test particles as a function of an affine parameter. If the spacetime have symmetries the conserved quantities associate to these symmetries simplify the analysis of the equations. The geodesic structure of the Schwarzschild, Reissner-Nordström and Kerr black holes were studied by Chandrasekhar (Chandrasekar 1983) . The geodesic study in a Schwarzschild spacetime background was the key to understand various astrophysical phenomena, as planetary motion, gravitational lensing and radar delay among others. Besides of astrophysical objects it is important to study, motivated by the AdS/CFT correspondence (Maldacena 1998) and its generalizations, the geodesic structure of black holes with an asymptotic behavior different than the flat case, furthermore these black holes provide a theoretical laboratory for understanding interesting features of black holes physics. In this regard, geodesics around the Schwarzschild anti-de Sitter black hole was studied in (Kraniotis & Whitehouse 2003) - (Cruz et al. 2005) - - , and the Schwarzschild de Sitter case in (Jaklitsch et al. 1989 )- (Stuchlík & Calvani 1991) - (Podolsky 1999) . The motion of uncharged particles in Reissner-Nordström black hole with a non-zero cosmological constant has been studied in (Stuchlík & Hledík 2002) - (Villanueva et al. 2013) , while the study of charged particles can be found in (Olivares et al. 2011) . Orbits in Kerr and Kerr (anti) de Sitter are calculated in (Kranotis 2004). Study of geodesic motion of test particles in higher dimensional Schwarzschild, Schwarzschild anti-de Sitter, Reissner-Nordström and Reissner-Nordström anti-de Sitter spacetimes can be found in references (Hackmann et al. 2009 )- (Gibbons & Vyska 2012) , where complete solutions and a classification of the possible orbits in these geometries in term of elliptic functions have been obtained.
In this article we will study the geodesic structure of the topological Lifshitz black hole in 3+1 dimensions with critical exponent z = 2 (Mann 2009 ). We will perform an analysis of particle motions by means of an effective potential, we will provide graphics of the orbits and classify different kinds of motion for particles by the values of its angular momentum. This paper is organized as follows. In Sec. 2, we briefly review some features of topological Lifshitz black hole. In Sec. 3 we obtain the radial equation of motion for geodesics with an effective potential. Therefore we study null and time-like geodesics. We conclude in Sec. 4 with some final remarks.
Topological Lifshitz Black Hole
Four dimensional topological Lifshitz black hole was presented in (Mann 2009) where the author obtained a black hole solution with critical exponent z = 2, which posses an event horizon if the curvature of the transverse spatial sections is negative k = −1. These kinds of black holes are described by the following metric,
where the lapse function f (r) is given by
and the coordinates are defined in the intervals −∞ < t < ∞, r > 0, 0 ≤ φ ≤ 2π, and 0 ≤ θ ≤ 2π. In FIG.  1 we show a graph of the lapse function for topological Lifshitz black holes. The event horizon is located at r + = ℓ/ √ 2, and corresponds to a coordinate singularity, which can be seen from the Ricci scalar, such that,
The principal quadratic invariant of the Ricci tensor and the Kretschmann scalar are given by the following expressions
and
respectively. These invariants tell us that the physical singularity is located at r = 0. In (Gonzalez et al. 2012 ) a study of the quasinormal modes and the absorption cross section for this black hole was performed, and was shown that it is stable under scalar field perturbations.
Finally, it's interesting to notice that metric (2) looks analogue to a zero-mass topological AdS black hole (Mann 1997) .
Geodesic Structure
In order to compute the geodesic structure of the topological Lifshitz black hole, we will use the standard Lagrangian procedure (Cruz et al. 2005) , and thus, we write the Lagrangian associated to the metric (2), resulting
where the dot corresponds to derivative with respect to an affine parameter along the geodesic, and, by normalization, m = 1 for massive particles and m = 0 for massless particles. Since (t, φ) are cyclic coordinates, their conjugate momenta, Π q , are conserved. In our case we obtain,
and,
Here L is the angular momentum, but the constant of motion E cannot be associated globally to the energy because this spacetime is not asymptotically flat. On the other hand, eq. (9) implies that the motion is performed in an invariant plane, which, for simplicity, we choose to be the plane defined by θ = θ 0 , such that, sinh θ 0 = 1. In this way, we rewrite eq. (9) as
Then, introducing eqs. (10) and (11) into eq. (8), we obtain the radial equation of motion,
where V (r) is the effective potential given by
In the next sections, based in this effective potential, we will study all possible motion for massive and massless particles.
Null Geodesics
Null geodesic corresponds to a photon trajectory, i. e., m = 0, so, the effective potential, (13), takes the form,
Radial Motion
Radial photons are characterized by vanishing angular momentum (L = 0), which implies that effective potential vanishes too,
and thus, photons have the possibility of not falling into the black hole and escape indefinitely towards spatial infinity. Therefore, eq. (12) becomeṡ
so, an elementary integration yields to
where R 0 corresponds to the radial distance in which τ = 0.
Next, making use of the identity
together with eqs. (10) and (16), we obtain the quadrature
Therefore, integrating this last equation from R 0 (t(r = R 0 ) = 0) to r, we obtain nate time t as a function of the radial coordinate r. As in Schwarzschild spacetime, photons fall into the black hole in a finite proper time, however an external observer see that photons fall asymtotically to the black hole. Moreover, the topological Lifshitz black hole admits radial photons come to infinity, and, in the proper system they come to infinity in infinity proper time, but an external observer see that they come to infinity in a finite coordinate time, t 1 , given by
This situation is unique with respect to the Einstein's spacetimes.
Angular Motion
In this case photons posses angular momentum L > 0, thus, its effective potential is Next, using the identitẏ
together with the motion integral (9), eq. (11) can be written as
where
is the anomalous impact parameter, and b = L 2 /E corresponds to the usual impact parameter. Now, making the change of variable
, we obtain
where P(x) is a second order polynomial given by P(x) = x to the value of r when t = τ = 0. Integrating eq. (25), we obtain
therefore, the polar trajectory is given by
which is shown in FIG. 4 .
Time-Like Geodesics
In this section we will consider the motion of massive particles on the background of the topological Lifshitz black hole. In this case we have m = 1, therefore, the effective potential (12) acquires the form
Radial Motion
For this situation the particles have zero angular momentum L = 0, and the effective potential (28) simplifies to
this potential is shown in FIG. 5 . In this way, eqs. (11) and (29) so that making the change of variable r = r + √ 2y, eq. (30) becomes
where we assume that τ (y 0 ) ≡ τ 0 = 0. So, integrating eq. (31) we find
and therefore, we obtain the final expression
On the other side, using (10) and (18) into eq. (30), and then integrating the quadrature, we obtain
and the turning point, R 1 , is given by 
Angular motion
Particles with angular motion are characterized by L > 0. The effective potential in this case is given by Using eqs. (9), (21) and (37) we get
and, after the change of variable r = r + √ 2y in the above equation, we obtain the following expression
Making the integration and returning to the original variables we obtain an analytical expression for r(φ), the polar form of the orbit
where the turning point is given explicitly by
and the constants Ω and α 0 are defined as 
Summary
In this work we have studied the causal structure of topological Lifshitz black hole using the standard Lagrangian procedure. We analyzed the radial and angular motion of massless and massive test particles on this background. Because the metric coefficients doesn't depends on the temporal and azimuthal coordinates, it allows us to find two integrals of motion, and reduce the system of equations to one radial equation of motion with an effective potential. We have obtained analytical expressions for the proper time and coordinate time as a function of the radial coordinate as well as analytical expressions for the polar form of the orbits in all cases considered. For radial photons we obtain that the solutions show a similar behavior to what occurs in the Schwarzschild black hole, in the sense that in the proper time framework, these radial massless particles reach the event horizon and cross it in a finite proper time, however in the coordinate time framework, the external observer sees that takes an infinite time the particles to reach the horizon. Besides, on other hand, topological Lifshitz black hole admits radial photons come to infinity in a finite coordinate time as seen by an external observer, these results are depicted in FIG 2. For photons with angular momentum, the effective potential is unbounded and increases with the radial distance acting as an attractive force, as show FIG. 3. Therefore, non radial photons always will reach the event horizon, this can be seen additionally in FIG. 4 where the polar trajectory of the photon is illustrated. For massive particles the effective potential have a qualitatively similar behavior for both radial and non-radial particles. Analogous to the above case of non-radial photons, these potentials increase with the radial distance, which means that the particles are confined and all them will reach the event horizon. Therefore the space-time doesn't admit bounded orbits. In FIG 8 we show the orbit of a generic non-radial massive particle.
